The k-symplectic structures appear in the geometric study of the partial differential equations of classical field theories. Meanwhile, we present a new application of the k-symplectic structures to investigate a certain type of systems of first-order ordinary differential equations, the k-symplectic Lie systems. In particular, we analyse the properties, e.g. the superposition rules, of a new example of k-symplectic Lie system which occurs in the analysis of diffusion equations.
Introduction
The k-symplectic structures [1] were introduced as a generalisation of symplectic structures to study geometrically classical field theories. Instead of following the standard approach, we introduce a new field of application of k-symplectic structures: the Lie systems. A Lie system is a system of first-order ordinary differential equations whose general solution can be expressed as a function, the superposition rule, of a generic finite family of particular solutions and a set of constants. The Lie-Scheffers Theorem [2] states that a Lie system amounts to a t-dependent vector field taking values in a finite-dimensional Lie algebra of vector fields: a Vessiot-Guldberg Lie algebra (VG Lie algebra).
We here focus on Lie systems with VG Lie algebras of Hamiltonian vector fields with respect to a k-symplectic structure: the k-symplectic Lie systems. These Lie systems occur in the study of the thirdorder Kummer-Schwarz equations, Riccati equations, Lie-Lotka-Volterra systems, control theory, etcetera [3] . Moreover, k-symplectic structures allow us to devise geometric techniques to obtain superposition rules and other properties of k-symplectic Lie systems.
As a main result, we prove that k-symplectic Lie systems appear in the study of diffusion equations. Our procedures help in deriving superposition rules and constants of motion for such systems. This shows, as done in [3] , that k-symplectic structures can be used to analyse systems of first-order ordinary differential equations.
k-symplectic structures and derived Poisson algebras
We now recall the notion of k-symplectic structures and we relate them to various Poisson algebras (see [3] for details). Mathematical structures are assumed to be real, smooth and globally defined. This leads to omitting technical details and to stress our main results. We hereafter write {e 1 , . . . , e k } for an arbitrary basis of R k and {e 1 , . . . , e k } for its dual one.
Definition 2.1. Let N be an n(k + 1)-dimensional manifold and ω 1 , . . . , ω k a set of k closed two-forms on N . We say that (ω 1 , . . . , ω k ) is a k-symplectic structure on N if k i=1 ker ω i (x) = {0}, for all x ∈ N . The above definition was introduced by Awane [1] . Another generalization of symplectic structures are the polysymplectic structures introduced by Günther [4] . He defines a k-polysymplectic form on N as an
θ(e i )ω i is a presymplectic form on N . We write Adm (Ω θ ) for the set of admissible functions with respect to the presymplectic manifold (N, Ω θ ). Definition 2.2. Let (ω 1 , . . . , ω k ) be a k-symplectic structure on N with associated k-polysymplectic
• A vector field Y on N is k-Hamiltonian if it is Hamiltonian relative to ω 1 , . . . , ω k . We write Ham(Ω) for the space of these vector fields.
• A function h = k α=1 h α ⊗ e α is said to be an Ω-Hamiltonian function if there exists a vector field X h such that ι X h ω i = dh i , i = 1, . . . , k. We denote by C ∞ (Ω) the set of Ω-Hamiltonian functions.
Associated k-polysymplectic forms Ω depends on the chosen bases on R k . Nevertheless, if Ω andΩ are the same up to a change of basis on R k , all our notions are invariant, up to an eventual change of variables on R k , e.g. Ham(Ω) = Ham(Ω).
• We have an induced family of Poisson algebras (Adm (Ω θ ), ·, {·, ·} θ ), where {·, ·} θ is the Poisson bracket induced by Ω θ on Adm (Ω θ ) and θ is any element of (R k ) * . We call (Adm (Ω θ ), ·, {·, ·} θ ) a derived Poisson algebra.
• The space C ∞ (Ω) becomes a Lie algebra with the Lie bracket {h
where {·, ·} ωi is the Poisson bracket induced by ω i .
Fundamentals on k-symplectic Lie systems
We now briefly survey the properties of t-dependent vector fields, Lie systems and k-symplectic Lie systems (see [3] for details).
We denote by (V, [·, ·]) a Lie algebra given by a vector space V endowed with a Lie bracket [· , ·]. We define Lie(B) to be the smallest Lie subalgebra of V containing B. We write V instead of (V, [·, ·]), when it is clear what we mean. A t-dependent vector field X on N is a t-parametric family of vector fields {X t } t∈R . There is an evident bijection between t-dependent vector fields, e.g. X = n i=1 X i (t, x)∂/∂x i , and systems of the form, namely, dx i /dt = X i (t, x), with i = 1, . . . , n. This justifies to use X to represent both a t-dependent vector field and its associated system. Definition 3.1. The minimal Lie algebra of a t-dependent vector field X on N is the smallest real Lie algebra, V X , with respect to the Lie bracket of vector fields containing
The Lie-Scheffers Theorem [2] asserts that X admits a superposition rule, i.e. X is a Lie system, if and only if X takes values in a V G Lie algebra, namely dim V X < ∞. When V X also consists of Hamiltonian vector fields relative to some structure, numerous results and techniques can be devised to study X [5, 6] . Definition 3.2. A k-symplectic Lie system is a Lie system possessing a VG Lie algebra of k-Hamiltonian vector fields relative to a k-symplectic structure. Definition 3.3. Given a vector bundle π : F → N and a section σ : N ∋ n → σ(n) ∈ F , we call prolongation of σ to the bundle π [m] :
Proposition 3.4. Given a k-symplectic Lie system X on N , let us say X(t, ξ) = r α=1 b α (t)X α (ξ), with respect to a k-symplectic structure (ω 1 , . . . , ω k ), its diagonal prolongation to N m , namely X(t, ξ (1) , . . . , ξ (m) ) = m a=1 r α=1 b α (t)X α (ξ (a) ), is a k-symplectic Lie system relative to (ω
Proposition 3.5. Let X be a k-symplectic Lie system on N . For each θ ∈ (R k ) * , the space I X θ of admissible t-independent constants of motion of X relative to Ω θ is a Poisson algebra with respect to {·, ·} θ . Theorem 3.6. If X is a k-symplectic Lie system on N with respect to (ω 1 , . . . , ω k ), then there exists a function h : t ∈ R → h t ∈ C ∞ (Ω) such that dim Lie({h t } t∈R ) < ∞ and X t has Ω-Hamiltonian function h t , ∀t ∈ R. Then, f ∈ Adm(Ω θ ) is a constant of motion of X if and only if it Poisson commutes with Lie({ h t , θ } t∈R ).
Diffusion Riccati system
Let us consider the following system of differential equations [7] dx dt = −a 2 (t) + 2a
where a 1 (t), . . . , a 5 (t) are arbitrary t-dependent functions and appearing in the study of diffusion equations. Let us show that the above system is a Lie system related to X = 5 α=1 a α (t)X α , where
The vector fields X 1 , . . . , X 5 span a Lie algebra isomorphic to sl(2, R)⋉R 2 , indeed X 1 , X 2 , X 3 ≃ sl(2, R) and X 4 , X 5 ≃ R 2 . It is a long but simple calculation to show that X 1 , . . . , X 5 are Hamiltonian relative to the presymplectic structures
Hence, X is a 4-symplectic Lie system with respect to the 4-symplectic structure (ω 1 , ω 2 , ω 3 = ω + , ω 4 = ω − ). We can therefore define the Ω-Hamiltonian function
, with j = 1, 2, 3, 4, 5 and We have the following non-vanishing commuting relations
θ is isomorphic to a Lie subalgebra of sl(2, R). The above functions help in obtaining superposition rules and constants of motion 1 for θ ∈ W and C θ 2 for any θ ∈ (R 5 ) * are t-independent constants of motion for X.
The diagonal prolongation, X [2] , of X to (R 5 ) 2 is a k-symplectic Lie system relative to the 4-symplectic structure (ω [2] 1 , . . . , ω [2] 4 ). We have that X [2] 1 , . . . , X [2] 5 span the same Lie algebra as X 1 , . . . , X 5 . If we write
1 , . . . , X [2] 5 admit Ω-Hamiltonian functions h [2] i (ξ 1 , ξ 2 ) = h i (ξ 1 )+h i (ξ 2 ) for i = 1, 2. Then, X [2] has t-independent constants of motion
To obtain a superposition rule for X we need as many functionally independent and t-independent constants of motion for X [2] as the dimension of R 5 , let us say I 1 , . . . , I 5 [2] . Moreover, we have to require ∂(I 1 , . . . , I 5 )/∂(x 1 , . . . , v 1 ) = 0. Our approach provides four of them, e.g. C 2 . An additional constant of motion has to be added to provide the superposition rule for X. In any case, it can be proved that C provide a superposition rule for the projection of X onto R 3 .
Conclusion and Outlook
By means of k-symplectic Lie systems and structures, we analysed superposition rules for a system of first-order ordinary differential equations occurring in the study of diffusion equations. In the future, we aim to look for new applications of our methods and to expand our techniques to study Lie systems associated with multisymplectic and poly-Dirac structures.
